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Abstract

In this note, we aim to derive the MPD equations for the Schwarzschild metric. Then, we examine
the conservation of several generalized quantities within the MPD system of equations, and finally,
we study the evolution of the spin vector of a test particle moving in Schwarzschild spacetime.
we provide a fairly detailed calculation of the exact set of equations of motion under the influence
of a specific supplementary condition, and we attempt to derive the differential equations of motion
in terms of quantities such as generalized forces.
This note also discusses the generalized angular momentum and the conservation laws governing it,
as well as the analysis of the spin vector evolution in terms of polar coordinates.
This note is the first part of a series on the applications of the MPD equations. The second part
will cover more details about a wider variety of motions in the Schwarzschild metric, as well as an
examination of the radiative effects of the test particle and the coupling of electromagnetic waves
and their spin with gravity and spacetime.
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Suppose a Schwarzschild field is generated by a very large and massive object.

the test particle is of macroscopic type, and its center of mass is always located within the region occupied by

the particle at a given time.

It is evident from what we know about the MPD equations that the MPD equations alone are not sufficient to

determine all the unknowns, and an additional constraint is required to fully specify them.

In fact, the equations for the spin components amount to 3, while the number of independent components of the

spin tensor, due to its antisymmetry, is 6.

Therefore, it is necessary to reduce the number of independent parameters by introducing an additional constraint.

The constraint we use is called the SC. Note that adding a constraint corresponds to selecting a specific

reference frame.

Since in special relativity all reference frames are equivalent, we can always write the transformation relation

between frames and obtain the equations in any desired frame. The constraint under discussion is, in fact, valid

in the rest frame of the Schwarzschild.

We begin with the MPD equations:

DPα

Dτ
+

1

2
sµνuσRα

σµν = 0 (∗), Pα = muα + uβ
Dsαβ

Dτ
Dsαβ

Dτ
+

uα

u0

Dsβ0

Dτ
− uβ

u0

Dsα0

Dτ
= 0 (∗∗), si0 = 0 (SC)

ds2 = eadt2 − e−adr2 − r2dΩ2, ea = 1− 2GM

r
, a′ ≡ da

dr
The connections in spherical coordinates are as follows:

⇒


Γr
rr = −a′

2 , Γr
θθ = −rea, Γr

ϕϕ = −rea sin2 θ

Γr
tt =

a′e2a

2 , Γθ
rθ = Γθ

θr = 1
r , Γθ

ϕϕ = − sin θ cos θ

Γϕ
rϕ = Γϕ

ϕr = 1
r , Γϕ

θϕ = Γϕ
ϕθ = cot θ, Γt

rt = Γt
tr = a′

2

Dsµν

Dτ
= uα∂αs

µν + uαΓν
ασs

µσ + uαΓµ
ασs

σν

Based on the supplementary condition (SC) introduced in the text, we have:

SC ⇒ Dsi0

Dτ
= uαΓ0

ασs
iσ

(∗∗) ⇒ Dsαβ

Dτ
+

uα

u0
Γ0
α′σu

α′
sβσ − uβ

u0
Γ0
β′σu

β′
sασ = 0

Dsαβ

Dτ
+

Γ0
λσu

λ

u0

[
uαsβσ − uβsασ

]
= 0 ⇒

SC ⇒ Dsij

Dτ
+

Γ0
kλu

λ

u0

(
uisjk − ujsik

)
= 0 (∗ ∗ ∗)

Now, we proceed to calculate the components of the equation (***) and note that the indices 1, 2, and 3

correspond to r, θ, and ϕ, respectively.

Ds12

Dτ
+

Γ0
kλu

λ

u0

(
u1s2k − u2s1k

)
= 0

ds12

dτ
+ uαΓ2

ℓαs
1ℓ + uαΓ1

ℓαs
ℓ2 +

Γ0
kλu

λ

u0

(
u1s2k − u2s1k

)
= 0

sii = 0 ⇒ ds12

dτ
+

u1

r
s12 + u3s13(− sin θ cos θ) + u1s12

(
−a′

2

)
− rea sin2 θu3s32 + u1s21

a′

2
= 0

ds12

dτ
+

(
u1

r
− u1 a

′

2
− u1 a

′

2

)
s12 − u3s13 sin θ cos θ − rea sin2 θu3s32 = 0

⇒ dsrθ

dτ
+

(
1

r
− a′

)
ṙsrθ + rea sin2 θϕ̇sθϕ + sin θ cos θϕ̇sϕr = 0 (1)

Ds23

Dτ
+

Γ0
kλu

λ

u0

(
u2s3k − u3s2k

)
= 0
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ds23

dτ
+ uαΓ3

αis
2i + uαΓ2

αis
i3 +

a′

2

u1

u0

(
u2s31 − u3s21

)
= 0

ds23

dτ
+

u1

r
s23 +

u3

r
s21 + u2 cot θs23 +

u1

r
s23 +

u2

r
s13 +

a′

2

u1

u0

(
u2s31 − u3s21

)
= 0

ds23

dτ
+

(
u1

r
+ u2 cot θ +

u1

r

)
s23 +

(
u2

r
− a′u2

2

2

)
s13 +

(
u3

r
− a′u2

3

2

)
s21 = 0

dsθϕ

dτ
+

(
2ṙ

r
+ cot θθ̇

)
sθϕ +

(
a′

2
− 1

r

)
ϕ̇srθ +

(
a′

2
− 1

r

)
θ̇sϕr = 0 (2)

Ds13

Dτ
+

Γ0
kλu

λ

u0

(
u1s3k − u3s1k

)
= 0 ⇒

ds13

dτ
+ uαΓ3

iαs
1i + uαΓ1

iαs
i3 +

a′

2

u1

u0

(
u1s30 − u3s10

)
+

a′

2
u1s31 = 0

ds13

dτ
+

u1

r
s13 + u3s12 cot θ + u2s13 cot θ + u1 (−a′) s13 + u2(−rea)s23 = 0

s13u2 cot θ +
ds13

dτ
+ u1

(
1

r
− a′

)
s13 + u3 cot θs12 − reau2s23 = 0

dsrϕ

dτ
+

(
ṙ

(
1

r
− a′

)
+ θ̇ cot θ

)
srϕ + cot θϕ̇srθ − reaθ̇sθϕ = 0 (3)

Now, we calculate the 0th component of the second term in equation (*), which corresponds to the

Mathisson spin-curvature force:

1

2
sµνuσR0

σµν = sµνuσ(∂µΓ
0
σν + Γ0

µλΓ
λ
σν) = 0

⇒ DP 0

Dτ
= 0 ⇒ dP 0

dτ
+ uαΓ0

αβP
β = 0

According to the definition of the generalized momentum in the MPD equations and the definition of ms,

we can ultimately calculate the components of equation (*):

P 0 = mṫ+ uγ
Ds0γ

Dτ
,

Ds0γ

Dτ
= Γ0

αβu
αsβγ = Γ0

01ṫs
1γ

uγ
Ds0γ

Dτ
= Γ0

01ṫuγs
1γ = ṫΓ0

01uγs
1γ︸ ︷︷ ︸

:=ṫms

= ṫms

P 0 = ṫ(m+ms)

ms =
a′

2

(
θ̇(−r2)s12 − r2 sin2 θϕ̇s13

)
=

r2a′

2

(
sin2 θϕ̇s31 − θ̇s12

)
⇒ d

dτ

(
ṫ(m+ms)

)
+
(
ṫP 1 + ṙP 0

) a′
2

= 0

d

dτ

(
ṫ(m+ms)

)
+

a′

2
ṫ

(
ṙ(m+ms) +mṙ + uγ

Ds1γ

Dτ

)
= 0 (I)

uγ
Ds1γ

Dτ
= uγ

ds1γ

dτ
+ uγu

αΓγ
αβs

1β + uαuγΓ
1
αβs

βγ

= uγ
ds1γ

dτ
+ uγu

αΓγ
α2s

12 + uγu
αΓγ

α3s
13 + u1uγΓ

1
11s

1γ + u2uγΓ
1
22s

2γ + u3uγΓ
1
33s

3γ

= uγ
ds1γ

dτ
+ u1u

2(−rea)s12 + u2u
1 1

r
s12 + u2u

3 cot θs12

+ u1u
3(−rea sin2 θ)s13 + u2u

3(− sin θ cos θ)s13 + u3u
1 1

r
s13 + u3u

2 cot θs13

+

(
−a′

2

)
u1u2s

12 + u1u3

(
−a′

2

)
s13 + u2u1(−rea)s21 + u2u3(−rea)s23

+ u3u1(−rea sin2 θ)s31 + u3u2(−rea sin2 θ)s32
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= uγ
ds1γ

dτ
+ ṙθ̇(−e−a)(−rea)s12 + ṙθ̇(−r2)

1

r
s12 + ϕ̇2(−r2 sin2 θ) cot θs12

+ ṙϕ̇(−e−a)(−rea sin2 θ)s13 + θ̇ϕ̇(−r2)(− sin θ cos θ)s13 + ϕ̇ṙ(−r2 sin2 θ)
1

r
s13

+ θ̇ϕ̇(−r2 sin2 θ) cot θs13 +

(
−a′

2

)
ṙθ̇(−r2)s12 + ṙϕ̇(−r2 sin2 θ)

(
−a′

2

)
s13

+ θ̇ṙ(e−a)(rea)s21 + θ̇ϕ̇(−r2 sin2 θ)(−rea)s23

+ ϕ̇ṙ(−e−a)(−rea sin2 θ)s31 + ϕ̇θ̇(−r2)(−rea sin2 θ)s32

= uγ
ds1γ

dτ
+ rṙθ̇s21 +

a′

2
r2ṙ

(
θ̇s12 + ϕ̇ sin2 θs13

)
− r2ϕ̇2 sin θ cos θs12 − rϕ̇ṙ sin2 θs13

= uγ
ds1γ

dτ
+ rṙ

(
θ̇s21 + ϕ̇ sin2 θs31

)
︸ ︷︷ ︸

2ms
r2a′

−r2ṙ
a′

2

(
θ̇s21 + ϕ̇ sin2 θs31

)
︸ ︷︷ ︸

2ms
r2a′

−r2ϕ̇2 sin θ cos θs12

uγ
Ds1γ

Dτ
= uγ

ds1γ

dτ
+

2msṙ

ra′

(
1− ra′

2

)
− r2ϕ̇2 sin θ cos θs12 (II)

uγ
ds1γ

dτ
= −ṙe−a ds

11

dτ
+ θ̇(−r2)

ds12

dτ
+ ϕ̇(−r2 sin2 θ)

ds13

dτ

uγ
ds1γ

dτ
= −r2θ̇

ds12

dτ
− r2ϕ̇ sin2 θ

ds13

dτ

⇒ (1), (3) = r2θ̇ṙ

(
1

r
− a′

)
s12 + r3θ̇ϕ̇ea sin2 θs23 + r2θ̇ϕ̇ sin θ cos θs31 + r2ϕ̇ sin2 θ

(
ṙ

(
1

r
− a′

)
+ cot θθ̇

)
s13

+ r2ϕ̇2 sin θ cos θs12 − r3ϕ̇ sin2 θeaθ̇s23

= r2ṙ

(
1

r
− a′

)(
θ̇s12 + ϕ̇ sin2 θs13

)
︸ ︷︷ ︸

− 2ms
r2a′

+s12r2ϕ̇2 sin θ cos θ = −2msṙ

a′

(
1

r
− a′

)
+ r2ϕ̇2 sin θ cos θs12 = uγ

ds1γ

dτ
(III)

(I),(II),(III)−−−−−−−−→ d

dτ

(
ṫ(m+ms)

)
+

a′

2
ṫ

(
ṙ(m+ms) +mṙ +

−2msṙ

a′r
(1− a′r)− r2ϕ̇2 sin θ cos θs12 +

2msṙ

a′r

(
1− a′r

2

))
− a′

2
ṫ
(
r2ϕ̇2 sin θ cos θs+ 12

)
= 0

d

dτ

(
ṫ(m+ms)

)
+

a′

2
ṫ

(
ṙ(m+ms) +mṙ +

msṙ

a′r
(1− a′r)

)
︸ ︷︷ ︸

2ṙ(m+ms)

⇒ d

dτ

(
ṫ(m+ms)

)
+ ṫṙa′(m+ms) = 0

Qα := Γα
βγu

βuγ

Q0 = 2Γ0
01ṙṫ Q0 = ṫṙa′ → d(ṫ(m+ms))

dτ
+Q0(m+ms) = 0 (4)

DP i

Dτ
+

1

2
sµνuσRi

σµν = 0

dP i

dτ
+ uαΓi

ασP
σ + sµνuσ(Γi

σν,µ + Γi
µλΓ

λ
σν) = 0

d

dτ

(
mui + uβ

Dsiβ

Dτ

)
+ Γi

ασu
α

(
muσ + uβ

Dsσβ

Dτ

)
+ sµνuσΓi

σν,µ + sµνuσΓi
µλΓ

λ
σν = 0

(∗∗) ⇒ Dsαβ

Dτ
=

uβ

u0

Dsα0

Dτ
− uα

u0

Dsβ0

Dτ
Dsαβ

Dτ
=

uβ

u0
Γ0
σγu

σsαγ − uα

u0
Γ0
σγu

σsβγ

=
uβ

u0

a′

2
u0sα1 − uα

u0

a′

2
u0sβ1 =

a′

2
(uβsα1 − uαsβ1)

uβ
Dsαβ

Dτ
=

a′

2
(sα1 − uβu

αsβ1) =
a′

2
(sα1 − uαu2s

21 − uαu3s
31)
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uβ
Dsαβ

Dτ
=

a′

2

(
sα1 + uα(r2θ̇s21 + r2 sin2 θϕ̇s31)

)
=

a′

2
sα1 +msu

α

⇒ uβ
Dsαβ

Dτ
=

a′

2
sα1 +msu

α (+)

Pα = muα +msu
α +

a′

2
sα1

Pα = (m+ms)u
α +

a′

2
sα1 (++)

d

dτ
(ṙ(m+ms)) + Γ1

ασu
α

(
(m+ms)u

σ +
a′

2
sσ1

)
+ sµνuσΓ1

σν,µ + sµνuσΓ1
µλΓ

λ
σν = 0

d

dτ
(ṙ(m+ms)) +Q1(m+ms) +

a′

2
uαΓ1

ασs
σ1 +

1

2
sµνuσR1

σµν = 0

R1
212 = −reaa′

2
, R1

313 = −rea sin2 θa′

2

1

2
sµνuσR1

σµν = −s12u2 re
aa′

2
− s13u3 re

a sin2 θa′

2

= −reaa′

2

(
θ̇s12 + sin2 θϕ̇s13

)
=

reams

r2
= r−1eams

d

dτ
(ṙ(m+ms)) +Q1(m+ms) +

a′

2
uαΓ1

ασs
σ1 +

eams

r
= 0

Γ1
ασu

αsσ1 = Γ1
11u

1s11 + (rea)θ̇s12 + rea sin2 θϕ̇s13

a′

2
Γ1
ασu

αsσ1 =
a′

2
rea

−2ms

r2a′
= −mse

ar−1

d

dτ
(ṙ(m+ms)) +Q1(m+ms) = 0 (5)

Aα := uβ
Dsαβ

Dτ
, Pα = muα +Aα ⇒ DPα

Dτ
=

[
d(muα)

dτ
+ uδΓα

δσmuσ

]
︸ ︷︷ ︸

=mQα

+
dAα

dτ
+ uδΓα

δσA
σ

(+) ⇒ DPα

Dτ
=

d(muα)

dτ
+mQα +

d

dτ

(
a′

2
sα1 +msu

α

)
+ uδΓα

δσ

(
a′

2
sσ1 +msu

σ

)
=

d

dτ
(uα(m+ms)) +Qα(m+ms) +

1

2

da′

dτ
sα1 +

a′

2

(
Dsα1

Dτ
− uδΓ1

δσs
ασ

)
a′ =

2GM

r2(1− 2GM/r)
=

2GM

r2 − 2GMr
⇒ da′

dτ
=

−2GM

(r2 − 2GMr)2
(−2rṙ + 2GMṙ)

da′

dτ
=

4GMṙ(GM − r)

r2(r − 2GM)2
=

r(2ṙ)a′ea(1− ea/2− 1)

r2(e2a)

da′

dτ
=

2ṙa′

rea

(
−ea − 1

2

)
= − ṙa′

rea
(1 + ea)

d(uα(m+ms))

dτ
+Qα(m+ms) +

a′

2

(
−sα1

rea
(1 + ea) +

a′ṙ

2
sα1 − uδΓ1

δσs
ασ

)
+

1

2
sµνuσRα

σµν = 0

d(uα(m+ms))

dτ
+Qα(m+ms) +

a′

2

((
1− 2

reaa′
(1 + ea)

)
a′ṙ

2
sα1 − uδΓ1

δσs
ασ

)
+

1

2
sµνuσRα

σµν = 0

eaa′ =
1

r

2GM

r
=

1

r
(1− eα) ⇒ reaa′ = 1− eα

⇒ 1− 2(1 + ea)

reaa′
= 1− 2(1 + eα)

1− eα
=

1− eα − 2− 2eα

1− eα
=

−1− 3eα

1− eα
= −1 + 3eα

1− eα

d(uα(m+ms))

dτ
+Qα(m+ms) +

a′

2

(
a′ṙ

2

1 + 3eα

1− eα
s1α + Γ1

δσu
δsσα

)
+

1

2
sµνuσRα

σµν = 0

⇓
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d(uα(m+ms))

dτ
+Qα(m+ms) +

a′

2

(
ṙ

2

1 + 3ea

rea
s1α + Γ1

δσu
δsσα

)
+

1

2
sµνuσRα

σµν = 0

Γ1
δσu

δsσα = Γ1
11u

1s1α + Γ1
22u

2s2α + Γ1
33u

3s3α

= −a′

2
ṙs1α + (−rea)θ̇s2α − rea sin2 θϕ̇s3α →

d(uα(m+ms))

dτ
+Qα(m+ms) +

a′

2

(
ṙ

2

(
1 + 3ea

rea
− a′

)
s1α − rea sin2 θϕ̇s3α − reaθ̇s2α

)
+

1

2
sµνuσRα

σµν = 0

1 + 3ea

rea
− a′ =

1 + 3ea

rea
− 1− ea

rea
=

4

r

⇒ d(uα(m+ms))

dτ
+Qα(m+ms) +

a′

2

(
2ṙ

r
s1α − reaθ̇s2α − rea sin2 θϕ̇s3α

)
+

1

2
sµνuσRα

σµν = 0

1

2
sµνuσR2

σµν = uσsµν(Γ2
σν,µ + Γ2

µλΓ
λ
σν) = sµνuσΓ2

σν,µ + sµνuσΓ2
µλΓ

λ
σν

= s11u2Γ2
21,1 + s12u1Γ2

12,1 + s23u3Γ2
33,2 + s1νuσΓ2

12Γ
2
σν + s2νuσΓ2

21Γ
1
σν + s3νuσΓ2

33Γ
3
σν

= −s12
ṙ

r2
− s23ϕ̇ cos(2θ) + s12u1Γ2

12Γ
2
12 + s13u3Γ2

12Γ
2
33 + s21u1Γ2

21Γ
1
11 + s23u3Γ2

21Γ
1
33

+ s31u3Γ2
33Γ

3
31 + s32u3Γ2

33Γ
3
32

= s12
(
− ṙ

r2
+

ṙ

r2
+

ṙ2a′

2r

)
+ s23(ϕ̇)(− cos(2θ) +−ea sin2 θ + sin θ cos θ cot θ︸ ︷︷ ︸

cos2 θ

)

=
ṙa′

2r
s12 + ϕ̇ sin2 θ(1− ea)s23 −→

du2(m+ms)

dτ
+Q2(m+ms) +

3

2

ṙa′

r
s12 + s23ϕ̇ sin2 θ

(
1− ea +

ra′ea

2

)
︸ ︷︷ ︸

3
2 ra

′ea

= 0 ⇒

dθ̇(m+ms)

dτ
+Q2(m+ms) +

3a′

2r
ṙs12 +

3a′

2
rea sin2 θϕ̇s23 = 0 (6)

1

2
sµνuσR3

σµν = sµνuσ(Γ3
σν,µ + Γ3

µλΓ
λ
σν)

= s13u1Γ3
13,1 + s1νuσΓ3

13Γ
3
σν + s3νuσΓ3

31Γ
1
σν + s2νuσΓ3

23Γ
3
σν

+ s3νuσΓ3
32Γ

2
σν + s23u2Γ3

23,2 + s22u3Γ3
32,2

= −s13
ṙ

r2
+ θ̇s23

(
− 1

sin2 θ

)
+ s12u3Γ3

13Γ
3
32 + s13u1Γ3

13Γ
3
13 + s13u2Γ3

13Γ
3
23

+ s31u1Γ3
31Γ

1
11 + s32u2Γ3

31Γ
1
22 + s21u3Γ3

23Γ
3
31 + s23u1Γ3

23Γ
3
13 + s23u2Γ3

23Γ
3
23

+ s31u2Γ3
32Γ

2
21 + s32u1Γ3

32Γ
2
12

= − ṙ

r2
s13 − θ̇s23

sin2 θ
+ s12

ϕ̇ cot θ

r
+ s13

ṙ

r2
+ s13

θ̇ cot θ

r
− a′

2r
ṙs31

+ s32θ̇
1

r
(−rea) + s21

ϕ̇ cot θ

r
+ s23

ṙ

r tan θ
+ s23θ̇(cot θ)2 + s31

θ̇ cot θ

r
+ s32

ṙ cot θ

r

= s23θ̇

(
− 1

sin2 θ
+ ea +

cos2 θ

sin2 θ

)
+

a′ṙ

2r
s13 = θ̇(ea − 1)s23 +

a′ṙ

2r
s13 = −F 3

MSC (7)

1

2
sµνuσR3

σµν +
a′

2

(
2ṙ

r
s12 − reaθ̇s23

)
= θ̇(ea − 1)s23 +

a′ṙ

2r
s13 +

a′

2

(
2ṙ

r
s12 − reaθ̇s23

)
= θ̇s23

(
ea − 1− ra′ea

2

)
︸ ︷︷ ︸

− 3
2 ra

′ea

+
3a′ṙ

2r
s13 ⇒

d
(
ϕ̇ (m+ms)

)
dτ

+Q3 (m+ms)−
3a′

2
reaθ̇s23 +

3a′

2r
ṙs13 = 0 (8)
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Now, we calculate the generalized angular momentum. angular momentum consists of two parts: a spin part and

an orbital part. The orbital part, similar to the classical case, is obtained from the cross product of the

position vector and the linear momentum, with the difference that here the linear momentum is defined as the

generalized momentum.

Lz = r2 sin2 θP 3 + sz, sz = sxy

For practical applications, we want to switch to Cartesian coordinates. Since we can easily apply this

coordinate transformation to the spin tensor for converting from polar to Cartesian coordinates, we can write:

sxy =
∂x

∂qα
∂y

∂qβ
sαβ x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ

sxy =

(
∂x

∂r

∂y

∂θ
− ∂x

∂θ

∂y

∂r

)
srθ +

(
∂x

∂ϕ

∂y

∂θ
− ∂x

∂θ

∂y

∂ϕ

)
sϕθ +

(
∂x

∂r

∂y

∂ϕ
− ∂x

∂ϕ

∂y

∂r

)
srϕ

sxy = srθ(sin θ cosϕ(r cos θ sinϕ)− r cos θ cosϕ sin θ sinϕ)

+ (−r2 sin θ sin2 ϕ cos θ − r2 cos θ cos2 ϕ sin θ)sϕθ + srϕ(r sin2 θ cos2 ϕ+ r sin2 θ sin2 ϕ)

sxy = sz = r sin2 θsrϕ − r2 cos θ sin θsϕθ

sz = −r2 sin θ cos θsϕθ + r sin2 θsrϕ

Lz = r2 sin2 θP 3 + r2 sin θ cos θs23 + r sin2 θs13

let’s look at the time evolution of the generalized angular momentum vector:

dLz

dτ
= P 3(2rṙ sin2 θ + 2r2 sin θ cos θθ̇) + r2 sin2 θ

dP 3

dτ

+ (2rṙ sin θ cos θ + r2 cos(2θ)θ̇)s23 + r2 sin θ cos θṡ23

+ (ṙ sin2 θ + 2r sin θ cos θθ̇)s13 + r sin2 θṡ13

(3),(7)−−−−→ dLz

dτ
= 2r2 sin2 θP 3

(
ṙ

r
+ cot θθ̇

)
+ r2 sin2 θ

dP 3

dτ

+ r2
(
2
ṙ

r
sin θ cos θ + cos(2θ)θ̇

)
s23 + r sin2 θ(

ṙ

r
+ 2 cot θθ̇)s13

+ r2 sin θ cos θ

[
−
(
2
ṙ

r
+ cot θθ̇

)
s23 −

(
a′

2
− 1

r

)
ϕ̇s12 −

(
a′

2
− 1

r

)
θ̇s31

]
+ r sin2 θ

[
−
((

1

r
− a′

)
ṙ + θ̇ cot θ

)
s13 − cot θϕ̇s12 + reaθ̇s23

]
= r2 sin2 θ

(
DP 3

Dτ
− uδΓ3

δσP
σ + 2

(
ṙ

r
+ cot θθ̇

)
P 3

)
+ r2 sin2 θθ̇(ea − 1)s23

+ s13
[
rθ̇ sin θ cos θ − θ̇r sin θ cos θ + sin2 θ

a′

2r2

(
2ṙ

r
+ cot θθ̇

)]
− s12ϕ̇

[
a′

2
r2 sin θ cos θ

]
= r2 sin2 θ

[
−θ̇(ea − 1)s23 − a′ṙ

2r
s13 + P 3

(
ṙ

r
+ cot θθ̇

)
− P 2ϕ̇ cot θ − P 1 ϕ̇

r

]

+ r2 sin2 θθ̇(ea − 1)s23 +
a′r2

2
sin2 θ

(
2
ṙ

r
+ cot θθ̇

)
s13 − a′r2

2
sin θ cos θϕ̇s12

(++) ⇒=
a′r2 sin2 θ

2

(
ṙ

r
+ cot θθ̇

)
s13 + r2 sin2 θ

(
ṙ

r
+ cot θθ̇

)(
(m+ms)ϕ̇+

a′

2
s31

)
− r2ϕ̇ sin θ cos θ

(
(m+ms)θ̇ +

a′

2
s21

)
− rϕ̇ sin2 θ ((m+ms)ṙ)−

a′r2

2
ϕ̇ sin θ cos θs12

= r2 sin2 θ

(
ṙ

r
+ cot θθ̇

)(
a′

2
s13 + (m+ms)ϕ̇+

a′

2
s31

)
− r2ϕ̇θ̇ sin θ cos θ(m+ms)− rṙϕ̇ sin2 θ(m+ms)

=

[
r2 sin2 θ

(
ṙ

r
+ cot θθ̇

)
ϕ̇− r2ϕ̇θ̇ sin θ cos θ − rṙϕ̇ sin2 θ

]
(m+ms)
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= ϕ̇(m+ms)
[
rṙ sin2 θ + r2θ̇ sin θ cos θ − r2θ̇ sin θ cos θ − rṙ sin2 θ

]
= 0

⇒ dLz

dτ
= 0 ⇒ Lz = constant

Remarkably, we see that the angular momentum in the z-direction remains constant over time!

Therefore, we have the conservation of generalized angular momentum.

It is evident that since the coordinate axes are not preferred over each other, the conservation of angular momentum

holds in all three directions: x, y, and z.

Based on equation (4), we have:

d(ṫ(m+ms))

dτ
+ a′ṙṫ(m+ms) = 0 ⇒ d(ṫ(m+ms))

ṫ(m+ms)
= −da ⇒ ln |ṫ(m+ms)| = −a+ constant

⇒ eaṫ(ms +m) = constant := E ⇒ E = eaṫ(m+ms)

Thus, with the definition of the aforementioned constant as energy, we also have energy conservation!

Now, let’s go a step further and explicitly calculate the generalized linear momentum vector and the

generalized angular momentum vector in Cartesian coordinates:

P⃗ = (Pr sin θ cosϕ+ rPθ cos θ cosϕ− rPϕ sinϕ sin θ)x̂

+ (Pr sin θ sinϕ+ rPθ cos θ sinϕ+ rPϕ sin θ cosϕ)ŷ

+ (Pr cos θ − rPθ sin θ)ẑ

L⃗ = r⃗ × P⃗ + s⃗

L⃗ = (r sin θ cosϕx̂+ r sin θ sinϕŷ + r cos θẑ)× P⃗ + s⃗

= ẑ(Prr sin
2 θ sinϕ cosϕ+ r2Pθ sin θ cos θ sinϕ cosϕ+ r2Pϕ sin

2 θ cos2 ϕ

− Prr sin
2 θ sinϕ cosϕ− r2Pθ sin θ cos θ sinϕ cosϕ+ r2Pϕ sin

2 θ sin2 ϕ)

+ ŷ(−Prr sin θ cos θ cosϕ+ r2Pθ sin
2 θ cosϕ+ rPr sin θ cos θ cosϕ+ r2Pθ cos

2 θ cosϕ

− r2Pϕ sinϕ sin θ cos θ)

+ x̂(rPr sin θ cos θ sinϕ− r2Pθ sin
2 θ sinϕ− rPr sin θ cos θ sinϕ− r2Pθ cos

2 θ sinϕ

− r2Pϕ sin θ cos θ cosϕ) + s⃗

L⃗ = r2Pϕ sin
2 θẑ + (r2Pθ cosϕ− r2Pϕ sinϕ sin θ cos θ)ŷ − x̂(r2Pθ sinϕ+ r2Pϕ sin θ cos θ cosϕ)

L⃗ = −r2(Pθ sinϕ+ Pϕ sin θ cos θ cosϕ)x̂+ r2(Pθ cosϕ− Pϕ sin θ cos θ sinϕ)ŷ + r2Pϕ sin
2 θẑ + s⃗

Once again, as we did earlier, we convert the components of the spin tensor from polar coordinates to

Cartesian coordinates for practical applications:

sx = syz =
∂y

∂qα
∂z

∂qβ
sαβ ⇒ sx =

(
∂y

∂r

∂z

∂θ
− ∂y

∂θ

∂z

∂r

)
srθ +

(
∂y

∂θ

∂z

∂ϕ
− ∂y

∂ϕ

∂z

∂θ

)
sθϕ +

(
∂y

∂r

∂z

∂ϕ
− ∂y

∂ϕ

∂z

∂r

)
srϕ

= (−r sin2 θ sinϕ− r cos2 θ sinϕ)srθ + (r cos θ sinϕ(0) + r2 sin θ cosϕ)sθϕ

+ (sin θ sinϕ(0)− cos θ(r sin θ cosϕ))srϕ

sx = −r sinϕsrθ + r2 sin θ cosϕsθϕ − r sin θ cos θ cosϕsrϕ

sy = szx =
∂z

∂qα
∂x

∂qβ
sαβ =

(
∂z

∂r

∂x

∂θ
− ∂z

∂θ

∂x

∂r

)
srθ +

(
∂z

∂r

∂x

∂ϕ
− ∂z

∂ϕ

∂x

∂r

)
srϕ +

(
∂z

∂θ

∂x

∂ϕ
− ∂z

∂ϕ

∂x

∂θ

)
sθϕ

= (r cos2 θ cosϕ+ r sin2 θ cosϕ)srθ + (−r sin θ sinϕ cos θ)srϕ + r2 sin2 θ sinϕsθϕ

sy = r cosϕsrθ − r sin θ sinϕ cos θsrϕ + r2 sin2 θ sinϕsθϕ

Now, let’s calculate the x and y components of the angular momentum:

Lx = −r2(P2 sinϕ+ P3 sin θ cos θ cosϕ) + sx

⇒ Lx = −r2
((

(m+ms)θ̇ +
a′

2
s21

)
sinϕ+

(
(m+ms)ϕ̇+

a′

2
s31

)
sin θ cos θ cosϕ

)
+ sx
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Lx = −r2(m+ms)(θ̇ sinϕ+ ϕ̇ sin θ cos θ cosϕ) +

[
sx − r2a′

2
(s21 sinϕ+ s31 sin θ cos θ cosϕ)

]
︸ ︷︷ ︸

≡Dx

Lx = −r2
Ee−a

ṫ
(θ̇ sinϕ+ ϕ̇ sin θ cos θ cosϕ) +Dx

Lx = −Ee−ar2
(
dθ

dt
sinϕ+

dϕ

dt
sin θ cos θ cosϕ

)
+Dx

Ly = r2(P 2 cosϕ− P 3 sin θ cos θ sinϕ) + sy

⇒ Ly = r2
((

(m+ms)θ̇ +
a′

2
s21

)
cosϕ−

(
(m+ms)ϕ̇+

a′

2
s31

)
sin θ cos θ sinϕ

)
+ sy

Ly = r2
Ee−a

ṫ
(θ̇ cosϕ− ϕ̇ sin θ cos θ sinϕ) +

[
r2a′

2
(s21 cosϕ− s31 sin θ cos θ sinϕ) + sy

]
︸ ︷︷ ︸

≡Dy

Lz = r2 sin2 θ

(
(m+ms)ϕ̇+

a′

2
s31

)
+ sz

Lz = r2 sin2 θe−aE
dϕ

dt
+

a′

2
r2 sin2 θs31 + sz︸ ︷︷ ︸

≡Dz

⇒ Lz = r2 sin2 θe−aE
dϕ

dt
+Dz

based on our intuition, we know that at each moment, we can pass a tangential plane through the

test particle and the central body, which produces a quantity with conserved properties:

Lx cosϕ+ Ly sinϕ = −Ee−ar2
(
dϕ

dt
sin θ cos θ

)
︸ ︷︷ ︸
sin θ cos θ

r2 sin2 θe−aE
(Lz−Dz)

+(Dx cosϕ+Dy sinϕ)

Lx cosϕ+ Ly sinϕ = (Lz −Dz) cot θ + (Dx cosϕ+Dy sinϕ)

[Lx cosϕ+ Ly sinϕ+ Lz cot θ] = Dx cosϕ+Dy sinϕ+Dz cot θ

Dx = sx

(
1− ra′

2

)
+

r3a′

2
sin2 θ cosϕs23

Dy = sy

(
1− ra′

2

)
+

r3a′

2
sin2 θ sinϕs23

Dz = sz +
r2a′

2
sin2 θs31

Dx cosϕ+Dy sinϕ = (sx cosϕ+ sy sinϕ)

(
1− ra′

2

)
+

r3a′

2
sin2 θs23

Dz cot θ = sz cot θ +
r2a′

2
sin θ cos θs31

Dx cosϕ+Dy sinϕ+Dz cot θ = (sx cosϕ+ sy sinϕ)

(
1− ra′

2

)
+ sz cot θ +

a′r2

2

(
r sin2 θs23 + sin θ cos θs31

)
= (sx cosϕ+ sy sinϕ)

(
1− ra′

2

)
+ sz cot θ

(
1− ra′

2

)
+

a′r3

2
s23

s23 =
∂θ

∂xα

∂ϕ

∂xβ
sαβ =

(
∂θ

∂x

∂ϕ

∂y
− ∂θ

∂y

∂ϕ

∂x

)
sxy +

(
∂θ

∂x

∂ϕ

∂z
− ∂θ

∂z

∂ϕ

∂x

)
sxz +

(
∂θ

∂y

∂ϕ

∂z
− ∂θ

∂z

∂ϕ

∂y

)
syz

tan θ =

√
x2 + y2

z
, tanϕ =

y

x
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∂θ

∂x
=

cosϕ cos θ

r
,

∂θ

∂y
=

sinϕ cos θ

r
,

∂θ

∂z
= − sin θ

r

∂ϕ

∂x
= − sinϕ

r sin θ
,

∂ϕ

∂y
=

cosϕ

r sin θ

s23 =

(
cos2 ϕ cot θ

r2
+

sin2 ϕ cot θ

r2

)
sz +

sinϕ

r2
sy +

cosϕ

r2
sx

⇒ s23 =
cot θ

r2
sz +

sinϕ

r2
sy +

cosϕ

r2
sx

Lx cosϕ+ Ly sinϕ+ Lz cot θ =

(
1− ra′

2

)
(sx cosϕ+ sy sinϕ+ sz cot θ) +

ra′

2
(cosϕsx + sinϕsy + cot θsz)

⇒ Lx cosϕ+ Ly sinϕ+ Lz cot θ = sx cosϕ+ sy sinϕ+ sz cot θ

Since the angular momentum is conserved and constant, this equation provides a constraint on the evolution of the

spin vector in terms of the two angular position coordinates of the body!

Or in other words:

(Lx − sx) sin θ cosϕ+ (Ly − sy) sin θ sinϕ+ (Lz − sz) cos θ = 0

Which is clearly the equation of a moving plane passing through the origin of the coordinate system

(the central body)! From the beginning, we intuitively expected such a phenomenon, but now, based on the

calculations, we see that everything is correct, aligns with our intuition, and works properly.

let’s examine the motion constrained to remain on a fixed plane passing through the central body and the

test body:

Plane motion: θ = π/2 ⇒ (Lx − sx) cosϕ+ (Ly − sy) sinϕ = 0

P2 = 0 ⇒ s12 = 0 ⇒ (1)s23 = 0

⇒


sx = 0

sy = 0

sz = rs13

(3)−−−→

ds13

dτ
+ ṙ

(
1

r
− a′

)
s13 = 0 ⇒ ds13

s13
= dr

(
a′ − 1

r

)
= da− dr

r

⇒ ln s13 = a− ln(r) + constant → e−a rs13︸︷︷︸
sz

= constant ⇒ e−asz = constant

This formula has a remarkable, though qualitative analogy with the gravitational red shift of spectral
lines. In fact, let us assume that Sz be proportional to the angular velocity of the internal rotation of
the test particle; the period of such a rotation increases with decreasing r according to a law similar to
that describing the influence of the gravitational potential on the wave-length of light.
Besides the strict plane motion based on the condition (I), the motion will be very nearly plane in all
cases when the spin is much smaller than the orbital angular momentum. This condition is fulfilled in
the planetary motions.
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